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Abstract: A derivation of Noether current from the surface term of Einstein-Hilbert
action is given. We show that the corresponding charge, calculated on the horizon, is
related to the Bekenstein-Hawking entropy. Also using the charge, the same entropy is
found based on the Virasoro algebra and Cardy formula approach. In this approach,
the relevant diffeomorphisms are found by imposing a very simple physical argument:
diffeomorphisms keep the horizon structure invariant. This complements similar earlier
results [27](arXiv:1204.1422) obtained from York-Gibbons-Hawking surface term. Finally
we discuss the technical simplicities and improvements over the earlier attempts and also
various important physical implications.
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1. Introduction
The thermodynamic properties of horizon arises from the combination of the general the-
ory of relativity and the quantum field theory. This was first observed in the case of black
holes [1, 2]. Now it is evident that it is much more general and a local Rindler observer
can attribute temperature and entropy to the null surfaces in the context of the emergent
paradigm of gravity [3, 4]. Such a generality might provide us a deeper insight towards the
quantum nature of the spacetime. So far several attempts have been made to know the mi-
croscopic origin of the entropy, but every method has its own merits and demerits. Among
others, Carlip made an attempt [5, 6] in the context of Virasoro algebra to illuminate this
aspect which is basically the generalisation of the method by Brown and Hanneaux [7]. In
brief, in this method one first defines a bracket among the Noether charges and calculate
it for certain diffeomorphisms, chosen by some physical considerations. It turns out that
the algebra is identical to the Virasoro algebra. The central charge and the zero mode
eigenvalue of the Fourier modes of the charge are then automatically identified which after
substituting in the Cardy formula [8, 9] one finds the Bekenstein-Hawking entropy 1. In all
the previous attempts, the Noether current was taken related to the Einstein-Hilbert (EH)
action and the analysis was on-shell, i.e. equation of motion has been used explicitly. Later
an off-shell analysis and a generalization to Lanczos-Lovelock gravity have been presented
in [26].
Earlier [27], based on the Virasoro algebra approach, we showed that the entropy can
also be obtained from the Noether current corresponding to the York-Gibbons-Hawking
surface term. But it is not clear if the same can be achived from the surface term of
1For a complete list of works which lead to further development of this method, see [10, 11, 12, 13, 14,
15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25].
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the Einstein-Hilbert action, since they are not exactly identical. So it is necessary to
investigate this issue in the light of Virasoro algebra context, particulary because both the
surface terms lead to the same entropy on the horizon. This will complement our earlier
work [27].
In this paper we will use the Noether current associated to the surface term of EH
action. Before going into the motivations for taking the surface term only, let us first
highlight some peculiar facts of EH action which are essential for the present purpose.
• It is an unavoidable fact that to obtain the equation of motion in the Lagrangian for-
malism one has to impose some extra prescription, like adding extra boundary term (in
this case York-Gibbons-Hawking term). This is because the action contains second order
derivative of metric tensor gab. But unfortunately the choice of the surface term is not
unique. This is quite different from other well known field theories.
• The EH action can be separated into two terms: one contains the squires of the Christoffel
connections ( i. e. it is in ΓΓ−ΓΓ structure) and the other one contains the total derivation
of Γ (∂Γ− ∂Γ structure). We will call them as Lquad and Lsur, respectively. Interestingly,
Einstein’s equation of motion can be obtained solely from Lquad by using the usual variation
principle where no additional prescription is not required [28].
• The most important one is that these two terms are related by an algebraic relation,
usually known as holographic relation [29, 30].
Interestingly, all the above features are happened to be common even for the Lanczos-
Lovelock theory [31]. For a recent review in this direction, see [32].
Although an extensive study on the Noether current of gravity has been done starting
from Wald [33], discussion on the current derived from Lsur is still lacking. To motivate
why one should be interested, let us summarise below the already observed facts.
• It is expected that the entropy is associated to the degrees of freedom around or on the
relevant null surface rather than the bulk geometry of spacetime.
• This surface term calculated on the Rindler horizon gives exactly the Bekenstein-Hawking
entropy [28].
• Extremization of the surface term with respect to the diffeomorphism parameter whose
norm is a constant, leads to the Einstein’s equation [29].
• Another interesting fact is that in a small region around an event, EH action reduces to
a pure surface term when evaluated in the Riemann normal coordinates.
All these indicate that either the bulk and the surface terms are duplicating all the in-
formation or the actual dynamics is stored in surface term rather than in bulk term. To
illuminate more on this issue, one needs to study every aspect of the surface term.
In this paper, we shall discuss the Noether realization of the surface term of the EH
action, particularly we shall examine if the Noether current represents the Virasoro algebra
for a certain class of diffeomorphisms. This is necessary to have a deeper understanding
of the role of the surface term in the gravity. Also it will give a further insight towards
the earlier claim: the actual information of the gravity is stored in the surface. To do this
explicitly, we shall consider the form of the metric close to the null surface in the local
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Rindler frame around some event. This is given by the Rindler metric. The reasons for
choosing such metric are as follows. According to equivalence principle, gravity can be
mimicked by an accelerated observer and an uniformly accelerated frame will have Rindler
metric. Apart from that, it is a relevant frame for an observer sitting very near to the black
hole horizon. Hence any thermodynamic feature of the null surface can be attributed by
this metric and it provides a general description which was originally obtained only for the
black hole horizon. Moreover, all the quantities will be observer dependent.
In this paper we shall proceed as follows. First a detailed derivation of the Noether
current for a diffeomorphism xa → xa + ξa, corresponding to Lsur, will be given. This is
important because it has not been done earlier and therefore the properties of the current
have not been explored. Here we will show that the corresponding charge Q[ξ], calculated
on the null surface for ξa to be Killing, yields exactly one quarter of the horizon area after
multiplying it by 2pi/κ where κ is the acceleration of the observer or the surface gravity in
the case of a black hole. Next, a definition of the bracket among the charges will be given.
This will be done by taking variation of the charge Q[ξ1] for another transformation x
a →
xa + ξa2 . Finally, we need to calculate all these quantities for a particular diffeomorphism.
To identify the relevant diffeomorphisms from which the algebra has to be constructed,
following our earlier work [27], we use the criterion that the diffeomorphism should leave
the near horizon form of the metric invariant in some non-singular coordinate system.
This will lead to a set of diffeomorphism vectors for which the Fourier components of the
bracket among the charges will be exactly similar to Virasoro algebra. It is then very easy
to identify the zero mode eigenvalue and the central extension. Substitution of all these
values in the Cardy formula [8, 9] will yield exactly the Bekenstein-Hawking entropy [1, 2].
A similar analysis was done in [25] based on the Noether current corresponding to Lbulk
[34, 35, 36]. In this calculation, to obtain the correct value of the entropy, a particular
boundary condition (Dirichlet or Neumann) was used. But the physical significance of it
is not well understood.
Before going into the main calculation, let us summarize the main features of the
present analysis.
• First is the technical aspect. To obtain the correct entropy, in most of the earlier works,
one had to either shift the zero mode eigenvalue [6] or choose a parameter contained in
the Fourier modes of ξa as the surface gravity κ [25] or both [26]. Here we shall show that
none of ad hoc prescriptions will be required.
• The important one is the simplicity of the criterion (near horizon structure of the metric
remains invariant in some non-singular coordinate system) to find the relevant diffeo-
prphisms for which we obtain the Virasoro algebra. This was first introduced by us [27] in
this context. The significance of this choice is that the full set of diffeomorphism symmetry
of the theory is now reduced to a subset which respects the existence of horizon in a given
coordinate system. Hence it may happen that some of the original gauge degrees of freedom
(which could have been eliminated by certain diffeomorphisms which are now disallowed)
now being effectively upgraded to physical degrees of freedom as far as a particular class of
observers are concerned. So all the thermodynamic quantities, attributed to the horizon,
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become observer dependent.
• In our present analysis we will not need any use of boundary condition like Dirichlet or
Neumann to obtain the exact form of the entropy.
• Since our analysis will be completely based on Lsur where no information about Lbulk
is needed, it will definitely illuminate the emergent paradigm of gravity, particularly the
holographic aspects in the action.
We will discuss later more on different aspects and significance of our results.
The organization of the paper as follows. In section 2, the derivation of the Noether
current for the Lsur will be presented explicitly. Next we shall give the definition of the
bracket among the charges and the relevant diffeomorphims based on the invariance of
horizon structure criterion. Section 4 will be devoted to show that the Fourier mode of
the bracket is exactly like the Virasoro algebra which by the Cardy formula will lead to
Bekenstein-Hawking entropy. Finally, we shall conclude.
2. Derivation of Noether current from the surface term of Einstein-Hilbert
action
In this section, a detailed derivation of the Noether current and the potential corresponding
to the surface term of EH action will be presented. Then we shall calculate the charge on
the Rindler horizon.
The Lagrangian corresponding to the surface term is given by [28],
Lsur = ∂a(
√−gSa) , (2.1)
where
Sa = 2Qadckg
bkΓcbd; Q
ad
ck =
1
2
(δac δ
d
k − δakδdc ) . (2.2)
Here the normalization 1/16piG is omitted and it will be inserted where necessary. Now
our task is to find the variations of both sides of (2.1) for a diffeomorphism x′a = xa + ξa
and then equate them. The variation we shall consider here as the Lie variation which is
defined, in general, as
δA = A(x′)−A′(x′) , (2.3)
where A(x′) = A(x + ξ) = A(x) + ξa∂aA(x), A(x) and A
′(x′) are the evaluated in two
different coordinate systems x and x′, respectively. In the following, for the notational
simplicity, we shall denote A(x) as A.
The variation of the right hand side of (2.1) is given by,
δLsur = ∂a[δ(
√−gSa)] = ∂a
[
Saδ(
√−g) +√−gδSa
]
= ∂a
[Sa
2
√−ggbcδgbc +
√−gδSa
]
. (2.4)
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Since gab is a tensor, for the Lie variation, δgab is expressed by the Lie derivative and is
given by
δgab = ∇aξb +∇bξa . (2.5)
Therefore,
δLsur = ∂a
[
Sa∂b(
√−gξb) +√−gδSa
]
. (2.6)
On the other hand, since Sa is not a tensor, the variation of it can not be expressed by
simple Lie derivative. To find δSa we shall used the general definition (2.3). Let us first
calculate S′a(x′). Under the change x′a = xa + ξa we have,
∂x′a
∂xb
= δab + ∂bξ
a ;
∂xb
∂x′a
= δba − ∂aξb . (2.7)
Here we considered infinitesimal change and so the terms from ∂ξ∂ξ have been ignored.
This will be followed in the later analysis. Hence,
Γ′abc(x
′) = Γabc − Γabd∂cξd − Γacd∂bξd + Γdbc∂dξa − ∂b∂cξa ,
g′bk(x′) = gbk + gbf∂fξ
k + gkf∂fξ
b ,
Q′adck (x
′) = Qadck . (2.8)
Substitution of these in S′a(x′) = 2Q′adck (x
′)g′bk(x′)Γ′cbd(x
′) lead to,
S′a(x′) = Sa + Sb∂bξ
a − gbd∂b∂dξa + gab∂b∂cξc . (2.9)
Other one is given by
Sa(x′) = Sa(xb + ξb) = Sa + ξb∂bS
a . (2.10)
Therefore, according to (2.3), the Lie variation of Sa due to the diffeomorphism is
δSa = Sa(x′)− S′a(x′) = ξb∂bSa − Sb∂bξa +Ma , (2.11)
where
Ma = gbd∂b∂dξ
a − gab∂b∂cξc . (2.12)
Substituting this in (2.6) we obtain the variation of right hand side of (2.1) as,
δLsur = ∂a
[
∂b(
√−gSaξb)−√−gSb∂bξa +
√−gMa
]
. (2.13)
Next we find the variation of left hand side of (2.1); i.e. Lsur. For this we will start
from the following relation:
Lsur =
√−g(Lg − Lquad) , (2.14)
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where
Lg = R; Lquad = 2Q
bcd
a Γ
a
dkΓ
k
bc , (2.15)
with Qbcda =
1
2
(
δcag
bd − δdagbc
)
. Since Lg is a scalar, by the definition of Lie derivative
δLg = ξ
a∂aLg. Therefore using (2.5) we find
δLsur = δ(
√−gLg)− δ(
√−gLquad)
= ∂a(
√−gξaLg)− ∂a(
√−gξa)Lquad −
√−gδLquad
= ∂a
[√−gξa(Lg − Lquad)
]
+
√−gξa∂aLquad −
√−gδLquad
= ∂a
(
ξaLsur
)
+
√−gξa∂aLquad −
√−gδLquad . (2.16)
To find δLquad, we will proceed as earlier. Under the change x
′a = xa + ξa, L′quad(x
′) is
calculated as
L′quad(x
′) = 2Q′bcda (x
′)Γ′adk(x
′)Γ′kbc(x
′)
= Lquad + g
bcΓkbc∂d∂kξ
d + gbcΓddk∂b∂cξ
k − gbdΓcdk∂b∂cξk , (2.17)
where (2.8) has been used. This can be expressed in terms of Ma in the following way.
Second term on the right hand side can be expressed in the following form
√−ggbcΓkbc∂d∂kξd =
[√−ggbcgak∂bgac − gak∂a(√−g)
]
∂d∂kξ
d
= −∂a(
√−ggak)∂d∂kξd , (2.18)
where in the above we used gbcgak∂bgac = −∂agak. Third term of (2.17) reduces to
√−ggbcΓddk∂b∂cξk = ∂k(
√−g)gbc∂b∂cξk . (2.19)
Similarly, the last term can be expressed as
2
√−ggbdΓcdk∂b∂cξk =
√−ggbdgca∂kgad∂b∂cξk
= −√−g∂k(gbc)∂b∂cξk , (2.20)
where in the last line gbdgca∂kgad = −∂kgbc has been used. Substituting all these in (2.17)
we obtain
L′quad(x
′) = Lquad − 1√−g
[
∂a(
√−ggak)∂d∂kξd + ∂k(
√−ggbc)∂b∂cξk
]
= Lquad +
1√−g ∂a(
√−gMa) (2.21)
On the other hand,
Lquad(x
′) = Lquad(x
a + ξa) = Lquad + ξ
a∂aLquad . (2.22)
Hence
√−gδLquad =
√−gLquad(x′)−
√−gL′quad(x′) =
√−gξa∂aLquad − ∂a(
√−gMa) .(2.23)
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Substituting this in (2.16) we obtain
δLsur = ∂a
(
ξaLsur +
√−gMa
)
. (2.24)
Now equating (2.13) and (2.24) we obtain ∂aJ
a[ξ] = 0, where the conserved Noether current
Ja[ξ] is given by
Ja[ξ] = −∂b(
√−gSaξb) +√−gSb∂bξa + ξaLsur . (2.25)
Finally, using Lsur = ∂a(
√−gSa) in the above, we can express the current as the divergence
of a anti-symmetric two index quantity:
Ja[ξ] = ∂b
[√−g(ξaSb − ξbSa)] = ∂b
[√−gJab[ξ]] . (2.26)
It is evident that the anti-symmetric object Jab[ξ] is not a tensor and it is usually called
the Noether potential. Therefore, inserting the proper normalization, the charge is given
by
Q[ξ] =
1
32piG
∫
H
dΣab
√
hJab[ξ] , (2.27)
where dΣab = −d2x(NaMb −NbMa) is the surface element of the 2-dimensional surface H
and h is the determinant of the corresponding metric. Since our present discussion will
be near the horizon, we choose the unit normals Na and Ma as spacelike and timelike
respectively.
Now we shall calculate the charge (2.27) explicitly on the horizon. This will be done
by considering the form of the metric near the horizon,
ds2 = −2κxdt2 + 1
2κx
dx2 + dx2⊥ , (2.28)
where x⊥ represents the transverse coordinates. The metric has a timelike Killing vector
χa = (1, 0, 0, 0) and the Killing horizon is given by χ2 = 0; i.e. x = 0. The non-zero
Christoffer connections are
Γttx =
1
2x
; Γxtt = 2κ
2x; Γxxx = −
1
2x
. (2.29)
For the metric (2.28) we find
Na = (0,
√
2κx, 0, 0); Ma = (
1√
2κx
, 0, 0, 0) , (2.30)
and hence dΣtx = −d2x. Also, (2.2) yields
St = 0; Sx = −2κ . (2.31)
Therefore,
J tx = (ξtSx − ξxSt) = −2κξt . (2.32)
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Now if ξa is a Killing vector, then ξt = χt = 1 and so calculating the charge (2.27) explicitly
we find
Q[ξ = χ] =
κA⊥
8piG
, (2.33)
where A⊥ =
∫
H
d2x is the horizon cross-section area. Multiplying it by the periodicity of
time coordinate 2pi/κ we obtain exactly the entropy: one quarter of horizon area. Moreover,
the above can be expressed as Q[ξ = χ] = TS, where T = κ/2pi is the temperature of the
horizon and S = A⊥/4G is the entropy. Therefore one can call it as the Noether energy.
Such interpretaion was done earlier in [37, 38].
So far we found that the Noether charge corresponding to the surface term of EH
action alone led to the entropy of the Rindler horizon. This was shown earlier for the
charge coming from the total EH action [33]. Therefore, the present analysis reveled that
it may be possible that the information is actually encoded in the surface term rather
than the bulk term. Then the natural question arises: What are the degrees of freedom
responsible for this entropy? So far it is not known. In the next couple of sections we shall
give an idea on the nature of the possible degrees of freedom in the context of Virasoro
algebra and Cardy formula.
3. Bracket among the charges and the diffeomorphism generators
In the previous section, we have given the expression for the charge (see Eq. (2.27)) for
an arbitrary diffeomorphism. Here we shall define the bracket among the charges. The
relevant diffeomorphisms will be chosen by imposing a minimum condition on the spacetime
metric. The charge and the bracket will be then expressed in terms of these generators.
We shall find the bracket following our earlier works [26, 27]. For this let us first
calculate the following:
δξ1(
√−gJab[ξ2]) = δξ1(
√−g)Jab[ξ2] +
√−gδξ1(Jab[ξ2])
= −1
2
√−ggmnδξ1gmnJab[ξ2]
+
√−g
[
(δξ1ξ
a
2 )S
b + ξa2 (δξ1S
b)− (a↔ b)
]
. (3.1)
Using
δξg
ab = £ξg
ab = −∇aξb −∇bξa;
δξΓ
a
bc = ∇b∇cξa +Racmbξm , (3.2)
and in addition the expression for Sa, given by (2.2), we obtain,
δξ1(
√−gJab[ξ2]) =
√−g
[
∇mξm1 Jab[ξ2] + {(ξm1 ∇mξa2 − ξm2 ∇mξa1)Sb
+ ξa2
(
− 2Γbmn∇mξn1 +∇m∇mξb1 + 2Rbmξm1
− Γnnm(∇bξm1 +∇mξb1)−∇m∇bξm1
)
− (a↔ b)}
]
. (3.3)
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For the present metric (2.28), g = −1, Rab = 0 and hence
√−gΓnnm = ∂m(
√−g) = 0.
Therefore
δξ1(
√−gJab[ξ2]) =
[
∇mξm1 Jab[ξ2] +
1
16piG
{(ξm1 ∇mξa2 − ξm2 ∇mξa1 )Sb
+ ξa2
(
− 2Γbmn∇mξn1 +∇m∇mξb1 −∇m∇bξm1
)
− (a↔ b)}
]
≡ Kab12 . (3.4)
Finally we define a bracket as:
[Q[ξ1], Q[ξ2]] :=
1
2
∫
H
dΣab
√
h
[
Kab12 − (1↔ 2)
]
, (3.5)
which for the present metric (2.28) reduces to
[Q[ξ1], Q[ξ2]] := −
∫
H
d2x
[
Ktx12 − (1↔ 2)
]
. (3.6)
To calculate the above bracket we need to know about the generators ξa. We shall
determine them by using the condition that the horizon structure remains invariant in some
nonsingular coordinate system. For that let us first express the metric (2.28) in Gaussian
null (or Bondi like) coordinates,
du = dt− dx
2κx
; dX = dx . (3.7)
In these coordinates the metric reduces to the following form:
ds2 = −2κXdu2 − 2dudX + dx2⊥ . (3.8)
Now impose the condition that the metric coefficients gXX and guX do not change under
the diffeomorphism, i.e.
£ξ˜gXX = 0; £ξ˜guX = 0 , (3.9)
where £ξ˜ is the Lie derivative along the vector ξ˜. These lead to,
£ξ˜gXX = −2∂X ξ˜u = 0;
£ξ˜guX = −∂uξ˜u − 2κX∂X ξ˜u − ∂X ξ˜X = 0 . (3.10)
The solutions are:
ξ˜u = F (u, x⊥);
ξ˜X = −X∂uF (u, x⊥) . (3.11)
The condition £ξ˜guu = 0 automatically satisfied near the horizon, because use of the above
solutions lead to £ξ˜guu = O(X). These conditions were appeared earlier in [39] in the
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context of late time symmetry near the black hole horizon. Finally expressing (3.11) in the
old coordinates (t, x) we find
ξt = T − 1
2κ
∂tT ; ξ
x = −x∂tT , (3.12)
where T (t, x, x⊥) = F (u, x⊥).
Next we calculate Ktx12 from (3.4) for our present case. Since S
t = 0, we find
Ktx12 = ∇mξm1 ξt2Sx + (ξm1 ∇mξt2 − ξm2 ∇mξt1)Sx
+ ξt2
(
− 2Γxmn∇mξn1 +∇m∇mξx1 −∇m∇xξm1
)
− ξx2
(
− 2Γtmn∇mξn1 +∇m∇mξt1 −∇m∇tξm1
)
. (3.13)
Now since the integration (3.6) will ultimately be evaluated on the horizon, we shall find the
value of each term of the above very near the horizon. Therefore, using (2.29), (2.31) and
the form of the generators (3.12) we obtain the values of each term of the above expression
near the horizon x = 0 as,
∇mξm1 ξt2Sx = T2∂2t T1 −
1
2κ
∂2t T1∂tT2
ξm1 ∇mξt2Sx = −κT1∂tT2 + κT2∂tT1 + T1∂2t T2 −
1
2κ
∂tT1∂
2
t T2
−ξm2 ∇mξt1Sx = κT2∂tT1 − κT1∂tT2 − T2∂2t T1 +
1
2κ
∂tT2∂
2
t T1
−2ξt2Γxmn∇mξn1 = −T2∂2t T1 +
1
2κ
∂2T1∂tT2
ξt2∇m∇mξx1 =
1
2κ
T2∂
3
t T1 −
1
4κ2
∂3t T1∂tT2 − 2κT2∂tT1 + ∂tT1∂tT2 + T2∂2t T1 −
1
2κ
∂2t T1∂tT2
−ξt2∇m∇xξm1 = 0
2ξx2Γ
t
mn∇mξn1 = −
1
2κ
∂2t T1∂tT2 − 2κx∂xT1∂tT2
−ξx2∇m∇mξt1 =
1
4κ2
∂3t T1∂tT2
ξx2∇m∇tξm1 = −
1
4κ2
∂3t T1∂tT2 (3.14)
So near the horizon (3.13) reduces to
Ktx12 = −2κT1∂tT2 + T1∂2t T2 −
1
2κ
(
∂tT1∂
2
t T2 + ∂
2
t T1∂tT2
)
+
1
2κ
T2∂
3
t T1 + ∂tT1∂tT2
− 1
4κ2
∂3T1∂tT2 (3.15)
Substituting this in (3.6) and inserting the normalization factor, we obtain the expression
for the bracket
[Q[ξ1], Q[ξ2]] : =
1
16piG
∫
H
d2x
[
2κ
(
T1∂tT2 − T2∂tT1
)
−
(
T1∂
2
t T2 − T2∂2t T1
)
+
1
2κ
(
T1∂
3
t T2 − T2∂3t T1
)
+
1
4κ2
(
∂3t T1∂tT2 − ∂3t T2∂tT1
)]
. (3.16)
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Similarly, (2.27) yields,
Q[ξ] =
1
8piG
∫
d2x
(
κT − 1
2
∂tT
)
. (3.17)
A couple of comments are in order. It must be noted that in finding the expression
for the bracket (3.16), no use of boundary conditions (Dirichlet or Neumann) has been
used. Earlier this was used for the case of Lbulk to throw away the non-covariant terms in
the bracket without giving any physical meaning [25]. Also, we did not use the condition
δξ1ξ
a
2 = 0 (see Eq. (3.1)) which was adopted in earlier works. For instance, see [6, 25].
This is logically correct since δξ1ξ
a
2 = 0 contradicts the algebra among the Fourier modes
of the diffeomorphisms (see Eq. (4.2), in next section).
4. Virasoro algebra and entropy
In this section, the Fourier modes of the bracket and the charge will be found out. We
shall show that for a particular ansatz for the the Fourier modes of the generators will lead
to the Virasoro algebra. Finally using the Cardy formula, the entropy will be calculated.
Consider the Fourier decompositions of T1 and T2:
T1 =
∑
m
AmTm; T2 =
∑
n
BnTn , (4.1)
where A∗m = A−m; B
∗
n = B−n. The Fourier modes Tm will be chosen such that the Fourier
modes of the diffeomorphisms (3.11) obey one sub-algebra isomorphic to Diff. S1:
i{ξm, ξn}a = (m− n)ξam+n , (4.2)
where {, } is the Lie bracket. Now with the use of (4.1), let us first find the Fourier modes
of the bracket (3.16) and the charge (3.17). Substitution of (4.1) in (3.16) yields,
[Q[ξ1], Q[ξ2]] : =
∑
m,n
Cm,n
16piG
∫
H
d2x
[
2κ
(
Tm∂tTn − Tn∂tTm
)
−
(
Tm∂
2
t Tn − Tn∂2t Tm
)
+
1
2κ
(
Tm∂
3
t Tn − Tn∂3t Tm
)
+
1
4κ2
(
∂3t Tm∂tTn − ∂3t Tn∂tTm
)]
, (4.3)
where Cm,n = AmBn and so C
∗
m,n = C−m,−n. Next defining the Fourier modes of
[Q[ξ1], Q[ξ2]] as
[Q[ξ1], Q[ξ2]] =
∑
m,n
Cm,n[Qm, Qn] . (4.4)
we find
[Qm, Qn] : =
1
16piG
∫
H
d2x
[
2κ
(
Tm∂tTn − Tn∂tTm
)
−
(
Tm∂
2
t Tn − Tn∂2t Tm
)
+
1
2κ
(
Tm∂
3
t Tn − Tn∂3t Tm
)
+
1
4κ2
(
∂3t Tm∂tTn − ∂3t Tn∂tTm
)]
. (4.5)
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Similarly from (3.17), the Fourier modes of the charge are given by
Qm =
1
8piG
∫
d2x
(
κTm − 1
2
∂tTm
)
, (4.6)
where Q[ξ] =
∑
m
AmQm. It must be noted that the present expression (4.6) is exactly
identical to that obtained in [27] for the York-Gobbons-Hawking surface term whereas the
other expression (4.5) is different by some terms. This may be because these two surface
terms are not exactly same. But we shall show that final result for the bracket is identical
to the earlier analysis.
To calculate the above expressions (4.5) and (4.6) explicitly we need to have Tm’s.
Following the earlier arguments, we choose
Tm =
1
α
e
im
(
αt+g(x)+p.x⊥
)
(4.7)
such that they satisfy the algebra (4.2). Here α is a constant, p is an integer and g(x) =
G(X = x) = −α ∫ dx2κx . This is a standard choice in these computations and has been used
several times in the literature [5, 6, 25]. It must be noted that the transverse directions are
non-compact due to our Rindler approximations and so we will assume that Tm is periodic
in the transverse coordinates with the periodicities Ly and Lz on y and z, respectively.
Now substituting (4.7) in (4.5) and (4.6) and then integrating over the cross-sectional area
A⊥ = LyLz we obtain
Qm =
A⊥
8piG
κ
α
δm,0; (4.8)
i[Qm, Qn] :=
A⊥
8piG
κ
α
(m− n)δm+n,0 + n3 A⊥
16piG
α
κ
δm+n,0 . (4.9)
Using (4.8), (4.9) can be re-expressed as
i[Qm, Qn] := (m− n)Qm+n + n3 A⊥
16piG
α
κ
δm+n,0 . (4.10)
This is exactly identical to Virasoro algebra with the central charge C is identified as
C
12
=
A⊥
16piG
α
κ
. (4.11)
The zero mode eigenvalue is evaluated from (4.8) for m = 0:
Q0 =
A⊥
8piG
κ
α
. (4.12)
Finally using the Cardy formula [8, 9], we obtain the entropy as
S = 2pi
√
CQ0
6
=
A⊥
4G
, (4.13)
which is exactly the Bekenstein-Hawking entropy.
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5. Conclusions
It has already been observed that several interesting features and informations can be
obtained from the surface term without incorporating the bulk term of the gravity action.
In this paper we studied the surface term of the Einstein-Hilbert (EH) action in the context
of Noether current. So far we know, this has not been attempted before. First the current
was derived for an arbitrary diffeomorphism by using Noether prescription. Then we
showed that the charge evaluated on the horizon for a Killing vector led to the Bekenstein-
Hawking entropy after multiplied it by 2pi/κ. But till now, it is not known about the
degrees of freedom responsible for the entropy. Here we addressed the issue and try to
shed some light. This has been discussed in the context of Virasoro algebra and Cardy
formula.
In this paper, we defined the bracket among the charges. It was done, in the sprite
of our earlier works [26, 27], by taking the variation of the Noether potential Jab[ξ1] for a
different diffeomorphism xa → xa + ξa2 , then an anti-symmetric combination between the
indices 1 and 2 and integrating over the horizon surface. To achieve the final form, we
did not use Einstein equation of motion or any ambiguous prescription, like vanishing of
the variation of diffeomorphism parameter ξa, certain boundary conditions (e.g. Dirichlet
or Neumann), etc. For explicit evaluation of our bracket, the spacetime was considered
as the Rindler metric. The relevant diffeomorphisms were identified by using a very sim-
ple, physically motivated condition: the diffeomorphisms keep the horizon structure of the
metric invariant in some non-singular coordinate system. It turned out that the Fourier
modes of the bracket is similar to the Virasoro algebra. Identifying the central charge and
the zero mode eigenvalue and then using these in Cardy formula we obtained exactly the
Bekenstein-Hawking entropy.
Let us now discuss in details what we have achieved in this paper. We first tabulate
couple of technical points.
• To obtain the exact expression for entropy we did not need any hand waving prescriptions,
like shifting of the value of the zero mode eigenvalue or the specific choice of the value of
the parameter α appeared in Fourier modes of T or both.
• The relevant diffeomorphisms for invariance of the horizon structure can be obtained
various ways. Here our idea was to impose minimum constraints so that the bracket led to
Virasoro algebra. It is also possible to have other choices of constraints to find the vectors
ξa. For instance, the whole metric is invariant and the diffeomorphisms come out to be the
Killing vectors which in general do not exist for a general spacetime.
Finally, we discuss several conceptual aspects. The analysis presents a nice connection
between the horizon entropy and the degrees of freedom which are responsible for it. In
the usual cases, one always find that the concepts of degrees of freedom and entropy
are absolute. These does not have any observer dependent description. But in the case
of gravity, as we know, the notion of temperature and entropy is observer dependent
and hence one can expect that the degrees of freedom may not be absolute. Here we
showed that a certain class of observers which can see the horizon and keep the horizon
– 13 –
structure invariant, always attribute entropy. This signifies the fact that among all the
diffeomorphisms, some of them upgraded to real degrees of freedom which were originally
gauge degrees of freedom and they have observer dependent notion. Also, everything what
we achieved here, was done from surface term. This again illustrates the holographic
nature of the gravity actions - either the bulk and the surface terms may duplicate the
same information or the surface term alone contains all the information about the theory
of gravity. Moreover, the methodology is general enough to discuss other theories of gravity
[40].
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